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Fig. 5 Lateral stability of system, varying wheel speed.

longitudinal stability in Fig. 2 will not change; however,
lateral stability will be greatly affected. Figures 4-6 show
the effect that the reaction wheel has on lateral stability.
From Fig. 4 it is seen that as the wheel size increases, the
cable length required for stability decreases. Similar re-
sults are obtained in Figs. 5 and 6 when the wheel speed
or weight is increased. These plots show that the cable
length can be decreased to almost any length such that
lateral stability is no longer the controlling factor, but
longitudinal stability is.

While not completely satisfactory, the addition of the
reaction wheel is seen to have a tremondous effect on lat-

Wheel speed (û )
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eral stability. This investigation has given an indication of
additional stability parameters, and a possible method of
controlling the lateral mode during airborne towing. Fur-
ther investigations are necessary to determine an effective
means of controlling both longitudinal and lateral stabili-
ty. These investigations are currently underway at the
University of Massachusetts.
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On the Fuel Optimality of Cruise

Jason L. Speyer*
Charles Stark Draper Lab. Inc. Cambridge, Mass.

Introduction

FOR a particular aircraft model where the control vari-
ables are thrust and flight path angle, the cruise condition
was shown to be a doubly singular arc in the calculus of
variations by satisfying the first order necessary condi-
tions. In this note, the singular arc is shown not to be
minimizing by applying the vector control form of the
generalized Legendre-Clebsch condition.

In a paper by Schultz and Zagalsky1 the minimum fuel-
fixed range problem is discussed by considering a particu-
lar mathematical model for the aircraft dynamics. In this
model thrust and flight path angle are control variables
which both assume, within some bounded set, intermedi-
ate values during cruise. Cruise is an extremal arc which
is called a singular arc in the calculus of variations.2-4 In
Ref. 1 only the first order necessary conditions which gen-
erate the singular arc were considered. However, additional
second order necessary conditions are available for singular
control problems. Here, use is made of the generalized Le-
gendre-Clebsch condition, due first to Kelley,5 and later
generalized to the vector control case by Kelley et al.,3
Robbins6 and Goh.7 It is shown here that the generalized
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Fig. 6 Lateral stability of system, varying wheel weight.
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vector Legendre-Clebsch condition cannot be satisfied
along the cruise arc implying that cruise is not a minimiz-
ing arc.

Problem Formulation

In Ref. 1 the minimum fuel for a climb -cruise -descent
trajectory is to-be found from an initial altitude, range,
and velocity to a terminal range, altitude and velocity.
Terminal time is not specified although the final answer
holds as well for fixed time. The problem is to minimize
the fuel

/
f = J a(E,h)Tdt

subject to the dynamic constraints

E = (T -D)V/M; E(tQ) = £0,
* = Vy; h(tQ) = hQ,
* = V; *(*o) - *

E(tf) = Ef
h(tf) = hf

o, x(tf) = xf

(1)

(2)
(3)
(4)

where E .4 V*/2 + gh is the specific energy, h is the alti-
tude, V is the velocity, x is the range, a(E,h) is the fuel
rate/unit thrust, D(E,h) is the aerodynamic drag, and M
is the mass assumed here to be constant.! The control
variables are thrust T and flight path angle 7 which are
bounded as

rmin ^ r ^ rmax , Tmi«(E,h) < T < Tmax(#,/z) (5)

In Ref. 1 it is shown that when the controls assume
values which sustain cruise

T = D, y = 0 (H)

and since Eq. (8) is satisfied over a finite interval of time,
then

d(BH/BT)/df= B[oD/V]/BE = 0 (12)

d(BH/By)/dt = B[vD/V]/Bh = 0 (13)

Equations (12) and (13) make use of Eq. (8) which implies
from Eqs. (10) and (11) that

X3 = -vD/V (14)

By cruising at the energy and altitude which satifies
mm(aD/V) (which is implied by Eqs. (12) and (13)) and
using the controls Eq. (11) the first order necessary condi-
tions are satisfied.

Application of Generalized Legendre-Clebsch Condition

This singular extremal arc is now tested by application
of the generalized Legendre-Clebsch condition as given
in the following theorem4 where u is a vector control.

Theorem: A necessary condition for the second variation
of the cost to be non-negative for all u(<) belonging to
some bound set of controls is that

Define the variational Hamiltonian as

H = aT + Xi(T -D)V/M+ \2Vy + X3F (6)

where Xi,X2,As are Lagrange multipliers associated with
the differential constraints Eqs. (2-4), respectively. These
Lagrange multipliers are propagated as

-Xj = (BH/BE), -X.2 - (BH/Bh), ~X3 = (BH/Bx) (7)

Furthermore, since the Hamiltonian is autonomous and
time is free, a first integral of the motion is that

H= 0 (8)

foral\te[to,tf].

Analysis of Cruise Condition as Singular Arc

Since the Hamiltonian is linear in the control variables,
the maximum principle implies that the controls can only
take on intermediate values when their coefficients in the
Hamiltonian are zero for a finite interval of time. Other-
wise, these coefficients are switching conditions for the
control to bang from one bound to the other. Since both T
and 7 take on intermediate values during cruise, their
coefficients are then

dH/dT = a + \iV/M = 0 => X j = -oM/V (9)

dH/dy = X2y = 0 => X2 = 0 (10)

over a finite interval of time. Note that the coefficients
are explicitly independent of the controls. Therefore, the
Legendre-Clebsch necessary condition 82H/du2 > 0 where
u is the column vector UT = (T,y) can only be met with
equality. The remaining second order tests and classical
sufficiency conditions are not applicable.2

fThis assumption is used in Ref. 1. The final conclusion remains
the same when this restriction is removed.

du L dtq

and
for all t on the singular arc and q odd (15)

r, P j2p CJ IT "I

(-l)p — ~tf — > 0 for all t on the singula9w Lat v du J
r arc

(16)
For the control vector u1 = (T,y), Eq. (15) is not satis-

fied since for 9 = 1

_a_r^8/n _9_r_^9
BTLdt 3TJ By Idt 8

_ajd_a
BT\_dt dy

87

9^1
dt dy J

(17)

which is a skew symmetric matrix. This result makes use
of Eq. (9). Furthermore, Eq. (17) is true whether or not
the time is free or specified. To satisfy the necessary con-
dition Eq. (15) the term [da/dh + og/V^V must be zero.
Therefore, in general, the cruise condition will not yield a
minimizing singular arc.

This result contrary to Ref. 1 is consistent with the
energy-state approximation.8 In the energy state approxi-
mation the dynamics are reduced by making V a control
variable and eliminating Eq. (3). The variational Hamil-
tonian is now

H = - D)V/M + X3F (18)

In the appendix of Ref. 1 it is shown that the velocity
set is not convex since the determinate of 82H^du2 =
~(Xi/M)2 where now the vector UT = (T,V) and dH/dT =
ff + XiV/M = 0 implies that Xi is nonzero. Again inter-
mediate values of thrust are not minimizing.
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Conclusion

For the minimum fuel-fixed range with time either free
or specified, the cruise condition based upon the dynamics
of Ref. 1 is found not to be a minimizing singular arc by
application of the generalized Legendre-Clebsch condition
for vector control. This is seen to be consistent with the
results for the energy-state approximation for which inter-
mediate values of thrust are not minimizing. Finally, it
can be shown that this conclusion holds when the restric-
tion on constant mass is removed.
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Inviscid Wake-Airfoil Interaction on
Multielement High Lift Systems

Alfred Moser* and Carl A. Shollenbergerf
McDonnell Douglas Research Laboratories, St. Louis, Mo.

ON multielement airfoils, a boundary layer wake is shed
by the main airfoil and flows over the flap elements. A
viscous interaction of the wake with the boundary layer of
the flap element is almost certain. The question arises:
does the wake have an inviscid effect on the flap surface
pressure, i.e., would the lift of the flap be affected by the
wake even if any viscous or apparent turbulent stresses
would be absent? A linearized method for estimating the
inviscid wake effect and an attempt to explain the effect
are presented, and the results are compared with "exact"
numerical calculations using a recently developed singu-
larity method.1

According to Kuchemann2 and Thwaites3 the lift of the
flap is affected by the wake in inviscid fluid even for cases
where potential flow is present between the wake and the
flap. As a qualitative answer, Refs. 2 and 3 mention that
the additional lift force on airfoils induced by nonunifor-
mities in the (inviscid) freestream flow always tends to be
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Fig. 1 Experimental airfoil surface pressure distributions
with and without wake.5

directed toward the region with the highest velocity or
total pressure. In the case of a wake flowing over the
upper surface of a flap, the lift of the flap would be re-
duced by inviscid interaction.

Experimental verification of the inviscid interaction is
difficult because viscosity and turbulence effects are al-
ways superimposed onto the inviscid effects. Ljungstrom4

conducted experiments on a 2-D airfoil model equipped
with slat and flap. By different means, he was able to
vary the momentum defect of the wake leaving the main
wing trailing edge. The measurements of flap surface
pressure distributions for different wake momentum de-
fects on otherwise identical configurations provide an in-
dication of the inviscid wake effect. The results show less
negative static pressure on the flap upper surface for the
larger wake and almost no difference on the flap lower
surface, in agreement with the present inviscid calcula-
tions. Pressure distributions obtained in recent experi-
ments by the authors5 are shown in Fig. 1. Here the wake
was generated by a bundle of transverse rods near the
leading edge of a NACA 4415 section. The difference of
the surface pressures measured near midchord with and
without the wake is approximately as expected for the in-
viscid wake interaction; however, other effects of the vis-
cous wake must also be considered.

For further discussion, a simplified flow model is de-
fined as follows: one airfoil (representing the flap) is
placed in a two-dimensional, incompressible, inviscid flow
which is irrotational except in the region of the wake. The
wake is described by total pressure profiles, and it origi-
nates at upstream infinity or at a "wake generator" de-
fined below. For this type flow the equations of motion re-
late the wake total pressure to the local value of the
stream function in a unique way for the entire wake. The
wake generator in this analysis is a straight line segment
in the plane of flow of length, h. The total pressure, H, of
fluid crossing this line segment is instantly reduced by
A#; however, the flow velocity is continuous across the
wake generator. The resulting total pressure wake profiles
have rectangular shapes. The force on the wake generator,
F = hAH, is perpendicular to the line segment. The com-


